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Abstract
Using the dipole framework for QCD at small xBj in the 1/Nc
limit, we derive the expression of the 1→p dipole multiplicity density
in momentum space. This gives an analytical expression for the 1→p
QCD Pomeron amplitudes in terms of one-loop integration of effective
vertices in transverse momentum. Conformal invariance and a Hilbert
space construction for dipole correlation functions are the main tools of
the derivation. Relations with conformal field theories in the classical
limit are discussed.
1 Introduction
QCD being a scale-invariant field theory at classical level, it is natural to dis-
cuss whether scaling symmetries can be exactly or approximately preserved
in some kinematical regime. For instance, in high-energy reactions, scale in-
variance in the transverse plane or its extension to 2-dimensional conformal
invariance have been discussed. The existence of such symmetries could give
new insights into the properties of the theory. However, the absence of a
solution of QCD at strong coupling leaves the discussion open concerning
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the non-perturbative aspects of the problem. The interest of resummation of
perturbative QCD at high energy (small Bjorken xBj) is to allow a theoretical
investigation of high-energy amplitudes in a regime which can be computed
from our present knowledge of the theory.
The main outcome of the perturbative resummation calculations at lead-
ing log xBj in the relevant domain is the emergence of a Regge singularity,
the so-called BFKL Pomeron, which is a compound state of 2 reggeized glu-
ons [1]. In impact parameter space, the BFKL Pomeron contributions can
be expressed [2] in terms of the formation and interactions of colorless qq¯
dipoles in the 1
Nc
limit of small xBj-QCD. Interestingly enough, the calcula-
tion of various processes in both BFKL and QCD dipole picture frameworks
exhibits properties related to scale and conformal invariance.
First of all, it was shown [3] that the BFKL equation possesses a basic
global SL(2,C) conformal invariance which is an useful technical tool. In-
deed, conformal invariance tools appear in other calculations related to the
BFKL Pomerons, for instance the 2 → 4 gluon amplitudes [4]. Using the
same invariance it is possible to derive [5] an equivalence between s-channel
dipole-dipole interactions and the t-channel BFKL Pomeron.
These conformal invariance properties, and the possible extension to con-
formal field theories (CFT) have been recently pointed out in relation with
studies on multi-pomeron (multi-dipole) processes. The solution of the equa-
tions for the 1→ p dipole multiplicity density in impact parameter space is
found to be identical to Shapiro-Virasoro closed string amplitudes [6]. In
fact, the result of reference [6] goes beyond SL(2,C) invariance since it relies
on the specific form of the BFKL kernel. It was proposed [7] that the interac-
tion vertices of three BFKL Pomerons can be related to correlation functions
in two-dimensional conformal field theory (CFT), satisfying conformal boot-
strap relations. It was checked that this leads to the same amplitudes as
found in the dipole formulation.
In fact, the direct calculation from QCD Feynman diagrams is only
presently available for the 2 → 4 gluon amplitudes [4]. It can easily be
checked that, when considering three colour-singlet gluon-gluon (e.g. QCD
Pomeron) channels in the 1/Nc limit, it leads to the expression obtained
in the dipole formulation. No direct calculation of amplitudes with more
channels are yet available.
Our goal in the present paper is to investigate the general 1→ p QCD
Pomeron amplitudes using relations between BFKL-dipole amplitudes and
correlation functions of suitably defined two-dimensional operators. The
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main tool of our derivations is to use a Hilbert space construction of the
operators representing the dipole physical states and their correlation func-
tions. Our main observation is that a formulation of the correlation functions
can be given in the momentum space representation leading to a simple and
physically appealing expression of the QCD Pomeron amplitudes. This rep-
resentation is realized in terms of one-loop amplitudes built from explicit
effective Pomeron vertices.
The plan of our paper is the following. In section 2 we introduce a Hilbert
space construction of dipole correlation functions in impact parameter space.
In section 3 we derive the corresponding momentum space representation
which, in the following part 4, is shown to possess a simple algebraic and
geometrical formulation. In 5, we discuss the CFT interpretations of our
results and give our conclusions in section 6. Two appendices complete the
paper.
2 Hilbert space construction of dipole corre-
lation functions
The 1→p dipole multiplicity density (i.e. the probability for finding p dipoles
ρb0ρb1 ,..., ρp0ρp1 in an initial one ρa0ρa1) is obtained [6] from the solution of a
integro-differential equation1. It reads:
dp(ρa0ρa1 , ..., ρp0ρp1) =
∫
dh0dh1...dhp
1
2ah0 ...ahp
×
×
1
ω − ωh0
1
ωh1 + ...+ ωhp − ω
1
|ρa0a1 ...ρp0p1 |
2
×
×
∫
d2ραd
2ρβ...d
2ρpi E¯
h0(ρa0α, ρa1α)...E¯
hp(ρ0pi, ρ1pi) B1→p, (1)
where ah =
pi4/2
ν2+n2/4
and
B1→p =
∫
d2ρ0...d
2ρp
|ρ01 ρ12...ρp0|
2 E
h0(ρ0α, ρ1α)E
h1 (ρ1β , ρ2β) ...E
hp (ρppi, ρ0pi) , (2)
1The multiplicity density is normalized by the unit of initial dipole size squared dp ≡
np/ρ
2
a0a1
, where np is the quantity computed in [6].
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with ρij = ρi−ρj (resp. ρ¯ij = ρ¯i−ρ¯j) . In formula (2),
Eh (ρiδ, ρjδ) = (−1)
n
(
ρij
ρiδρjδ
)h(
ρ¯ij
ρ¯iδ ρ¯jδ
)h˜
(3)
are [3] the SL(2,C) eigenvectors labeled by the quantum numbers of the ir-
reducible unitary representations, namely h = iν+ 1−n
2
, h˜ = 1−h¯ = iν+ 1+n
2
,
(n ∈ Z, ν ∈R). The variable ω in formula (1) is the Mellin-transform con-
jugate of rapidity while the functions ωh0, ..., ωhp are the BFKL eigenvalues
associated with the p + 1 dipoles involved in the process, i.e.
ωh =
2αNc
pi
ℜe
{
ψ (1)− ψ
(
1 + n
2
+ iν
)}
. (4)
In the following, we shall consider the expression of the functions B1→p
as correlation functions, namely
B1→p ≡
〈
0|Φh0(ρα)Φ
h1(ρβ)...Φ
hp(ρpi)|0
〉
(5)
where the Φh(x) are suitably defined operators. Such a formulation has
been discussed in ref. [3] in comparison with the general SL(2,C) invariant
Green functions [8]. Along these lines, an approach [7] considered correlation
functions of quasi-primary operators [9], where 4-point correlation functions
obey conformal bootstrap constraints. in the following we shall derive an
explicit construction of the relevant operators in a different context.
An inspiring example for our derivation is the expression of correla-
tion functions in the mini-superspace (classical) limit [10, 11] of the coset
H+3 ≡ SL(2,C)/SU(2) Wess-Zumino-Novikov-Witten (WZNW) conformal
field theory [12]. In this case, the derivation is based on an explicit construc-
tion of the primary fields (operators) Ψj(x), where j labels some SL(2,C)
representation and x, x¯ are auxiliary variables, that is, not belonging to the
2-dimensional coordinate space on which the conformal fields are defined.
In fact these auxiliary variables span the set of states in a given infinite-
dimensional representation. The operators act on the Hilbert space L2(H+3 )
by multiplication by functions forming an (overcomplete) basis of the Hilbert
space. The correlation functions are realized as the expectation value of a
product of these operators evaluated in a state defining the SL(2,C) invariant
vacuum.
Starting with our derivation, the following ingredients are defined in order
to give an operator realization of the correlation functions (5):
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i) The Hilbert space is choosen to be the set of functions f ∈ H = L2(C2),
with a representation of the action of the SL(2,C) group given by
[T (g)f ](ρ1, ρ2) = (cρ1 + d)
−1(cρ2 + d)
−1 × {a.h.} f(ρ′1, ρ
′
2) (6)
where ρ′ = aρ+b
cρ+d
, and the shortened notation ×{a.h.} is used for multiplying
by the antiholomorphic counterpart. The SL(2,C) matrix g is by definition
g =
(
a c
b d
)
. (7)
ii) The SL(2,C) invariant vacuum vector is |0〉 = δ(ρ1−ρ2). Indeed, it is
easy to check that, using (6), it verifies the relation T (g) |0〉 = |0〉 .
iii) The operators Φh(x) act by
[Φh(x)f ](ρ, ρ′′) =
∫
d2ρ′
|ρ′−ρ|2
Eh(ρ−x, ρ′−x)f(ρ′, ρ′′) . (8)
To check that we indeed recover the correct expression (5) we see that
acting with the chain of operators Φh0(ρα)Φ
h1(ρβ) ...Φ
hp(ρpi) on the vacuum
vector |0〉 gives the following function of the variables ρ0 and ρp+2∫
d2ρ1...d
2ρp+1
|ρ01...ρp(p+1)|2
Eh0(ρ0α, ρ1α)...E
hp(ρppi, ρ(p+1)pi) δ(ρp+1−ρp+2) . (9)
Now taking the scalar product with the vacuum vector amounts to multiply-
ing the above expression by δ(ρ0 − ρp+2) and integrating over ρ0 and ρp+2.
We then recover the dipole formula (2).
The expression (8) enables us to exhibit the conformal properties of the
dipole amplitudes. One shows that
T (g)Φh(x′)T (g)−1 = (cx+ d)2h × {a.h.} Φh(x) (10)
where x′ = ax+b
cx+d
.
In the following we will go to momentum space and find a compact realiza-
tion, which exhibits remarkably simple properties with respect to SL(2,C)
transformations of momenta. Also it has a direct physical significance as
giving an expression for the 1→ p multiplicity density of dipoles in the mo-
mentum representation, and thus the 1 → p QCD Pomeron amplitudes in
the 1/Nc limit.
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3 Correlation functions in momentum space
The action of the operators Φh(x) defined in (8) in the Fourier transformed
space of functions
f˜(k, k′) =
1
(2pi)4
∫
d2ρd2ρ′ ei(kρ+k
′ρ′)f(ρ, ρ′), (11)
is given by:
[Φh(x)f ](k, k′′) =
∫
d2k′
∫
d2ρd2ρ′ eikρ−ik
′ρ′E
h(ρ−x, ρ′−x)
|ρ− ρ′|2
f˜(k′, k′′) . (12)
A substantial simplification occurs when we will consider the Fourier trans-
form of the Φh operator with respect to x:
Φh(q) =
∫
d2x e−iqxΦh(x) . (13)
Now the vacuum becomes |0〉 = δ(k + k′) and the action of the operators
becomes just a multiplication by a function combined with a shift in the
argument:
[Φh(q)f˜ ](k, k′) = Ehk,q · f˜(k−q, k
′) , (14)
where we have defined
Ehk,q ≡
∫
d2ρd2ρ′ eiqρ
′+ik(ρ−ρ′) E
h(ρ, ρ′)
|ρ−ρ′|2
. (15)
Since the roˆle of the second coordinate is to generate a delta function for the
conservation of momentum, we may redefine the Hilbert space, vacuum state
and operators in such a way that:〈
Φh0(q0) . . .Φ
hp(qp)
〉
= δ(q0 + . . .+ qp)
〈
φh0(q0) . . . φ
hp(qp)
〉
, (16)
where the φh(q) act on the Hilbert space L2(C) with the vacuum |0〉 = 1 by
[φh(q)f ](k) = Ehk,q · f(k − q) (17)
The result of the Fourier transform is
Ah0,...,hp(q0, ..., qp) ≡
〈
φh0(q0)...φ
hp(qp)
〉
=
∫
d2k Eh0k,q0E
h1
k−q0,q1
...E
hp
k−q0−...−qp−1,qp
. (18)
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Figure 1: Graphical representation of the 1 → p QCD Pomeron amplitude.
White circles: internal Ehk,q vertex functions entering the one-loop integral;
Black circles: external (complex conjugate) vertices E¯hk,q coupling the external
gluons to the interacting BFKL Pomerons; Double lines: BFKL Pomerons.
Thus, all dipole correlators are just expressed by a single integral over a
product of Ehk,q functions.
Using our Fourier transformed result (18),
B1→p =
∫
d2q0...d
2qp δ(q0+ ...+ qp) e
i(q0ρα+...+qpρpi) Ah0,...,hp(q0, ..., qp) , (19)
together with the one for the functions E¯hk,q, (see (15)) namely
E¯h(ρ, ρ′)
|ρ−ρ′|2
≡
1
16pi4
∫
d2kd2k′ eik
′ρ′+ik(ρ−ρ′) E¯hk,k′ , (20)
and inserting them in formula (1), we get
A(ka0ka1 , ..., kp0kp1) ≡
∫
d2ρa0
2pi
...
d2ρp1
2pi
e−i(ρa0ka0+...+ρp1kp1)dp(ρa0 ...ρp1)
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=∫
dh0dh1...dhp
1
2ah0...ahp
×
×
1
ω − ωh0
1
ωh1 + ...+ ωhp − ω
× G , (21)
with
G ≡ δ(q0 + ... + qp) A
h0,...,hp(q0, ..., qp) E¯
h0
ka0 ,q0
...E¯
hp
kp0 ,qp
, (22)
where one has to identify q0 = ka0+ka1 ,..., qp = kp0+kp1. A is obtained as
the Fourier transform in 2-dimensional momentum space of the dipole mul-
tiplicity density dp given in formula (1). In fact, since dipole coordinates
correspond to the Fourier transforms of the gluon momenta, A is to be in-
terpreted as the BFKL 2 → 2p gluon amplitudes with gluon-gluon singlet
channels in the 1/Nc limit. Thus the reduced amplitude A
h0,...,hp(q0, ..., qp) is
the 1→ p QCD Pomeron vertex.
Using the expression (18) for Ah0,...,hp(q0, ..., qp), formulae (21,22) have a
rather simple and attractive representation (see Fig.1) in terms of a one-loop
integral in momentum space with vertices defined by the functions Ehk,q. Each
dipole is represented in momentum space and interacts via a 3-vertex defined
by a function Ehk,q or E¯
h
k,q depending whether it is created or annihilated. The
momentum is conserved at each vertex.
In the next section we will calculate the explicit form of the Ehk,q vertex
functions, which are the building blocks of the obtained expressions, and we
will explore their properties.
4 The vertex functions Ehk,q
Ehk,q is given by the double 2-dimensional Fourier integral (15). By an appro-
priate sequence of changes of variables, see the appendix A1, the expression
factorizes to yield[∫
d2w eiRe(w)w−hw¯−h˜
]
· q¯h−1qh˜−1 · Ih
( q¯
k¯
)
(23)
where
Ih(x) = x
1−hx¯1−h˜
∫
d2vv−h(1−v)−h(1−xv)h−1 × {a.h.} (24)
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and the normalization is[∫
d2w eiRe(w)w−hw¯−h˜
]
=
piih−h˜22−h−h˜
γ(h)
. (25)
Here we use the notation ×{a.h.} for both complex conjugation and h → h˜
while γ(h) = Γ(h)/Γ(1−h˜).
The integral in (24) can be performed [13] using the formula quoted in
appendix A1:
Ih(x) = pi
[
γ(1−2h)γ2(h) Fh(x)Fh˜(x¯) + {h→ 1− h}
]
(26)
with
Fh(x) ≡ x
h
2F1(h, h; 2h|x) , (27)
where 2F1 is the standard hypergeometric function. The final expression for
Ehk,q is therefore
Ehk,q =
piih−h˜22−h−h˜
γ(h)
· q¯h−1qh˜−1 · Ih
( q¯
k¯
)
. (28)
Using the resulting formulae (26-28), one obtains an explicit analytical
expression for the QCD Pomeron amplitudes. Since the vertex functions
appear as their building blocks, let us quote a few mathematical properties
of the Ehk,q.
i) Ehk,q is an SL(2,C) matrix element:
Using formula (45) of the appendix A2, one obtains a correspondance
with the formula (28) by identifying −1/(bc) with q¯/k¯. A simple factorized
decomposition of the related group element g can be found:
g =
(
1 0
k¯ 1
)
︸ ︷︷ ︸
Tk¯
·
(
1 −q¯−1
0 1
)
︸ ︷︷ ︸
hq¯
(29)
Here the first piece Tk¯ is just a translation (in momentum space) by k¯, while
the second element hq¯ is the SL(2,C) transformation (0,∞)→ (0,−q¯).
ii) Geometrical picture:
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Another interesting formula2 is the following
Ih(x) =
∫
d2kδ E¯
h(kiδ, kjδ)E
h(ki′δ, kj′δ) (30)
where x =
kijki′j′
kii′kjj′
is the anharmonic ratio. Note that one uses the same
SL(2,C) Eigenvectors Eh as in (3), but corresponding to SL(2,C) trans-
formations in momentum space. Let us now set ki = 0, kj = ∞, ki′ = k¯,
kj′ = k¯− q¯. We again recover Ih
(
q¯
k¯
)
as in (23). In fact the SL(2,C) element
g appearing in (29) has a simple interpretation as an SL(2,C) element which
transforms the momenta (0,∞) into (k¯, k¯−q¯). The origin of the above men-
tioned factorization (29) is now quite clear in terms of successive geometric
transformations in momentum space:
(0,∞) −→ (0,−q¯) −→ (k¯, k¯−q¯) (31)
By extension, the sequence of group elements corresponding to the product
Eh0k,q0...E
hp
k−q0−...−qp−1,qp
, see (18), corresponds to SL(2,C) group transforma-
tions acting in momentum space, and transforming the line (0,∞) into the
p + 1 lines (forming a polygon) related to the loop of momenta shown in
Fig.1. The integration over k (the translation group in momentum space)
corresponds to moving the polygon all over the complex plane thus gives an
intrinsic geometrical character to the QCD Pomeron correlation functions
(18) and amplitudes (21) in momentum space.
5 Similarities with conformal field theories
In the previous sections, we have constructed a solution of the 1→ p QCD
Pomeron amplitudes as correlation functions of suitably defined operators
acting in a specific Hilbert space. Since our derivation has been motivated
by conformal field theory constructions, it is thus natural to discuss the
possible connections with conformal field theories
Let us first discuss the conjecture of [7] that dipole correlation functions
could be interpreted as correlation functions of quasi-primary operators [9]
in some conformal field theory. For instance, in [7] it is found that the 4-
point correlation function, which happens to be identical to the 1→p, p = 3
2 The formula has been originally obtained as a solution for the dipole-dipole Green’s
function in the impact parameter space [14].
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expression (2), can be decomposed into a sum of conformal blocks reminiscent
of CFT:
B1→3 ≡
〈
0|Φh1(zα)Φ
h2(zβ)Φ
h3(zγ)Φ
h4(zδ)|0
〉
=
∑
h
Ch1h2hChh3h4 |F(x)|
2,
(32)
where x =
ραβργδ
ραγρβδ
, C are structure constants and
F(x) = xh−h3−h42F1(h3 − h4 + h, h2 − h1 + h; 2h|x) . (33)
These expressions obey CFT crossing relations [7].
However, it turns out that the relation (33) gives stringent constraints
on the possible CFT interpretations. In particular, they restrict these CFT
to be considered in the classical limit. Indeed, in general CFT the form
of the conformal block follows from conformal invariance and depends only
on h1, . . . , h4, h and the central charge c. A general closed form expression
is unknown but the power series coefficients of FCFT (x) = xh−h3−h4(1 +
FCFT1 x+F
CFT
2 x
2 + . . .) can be calculated order by order [9, 15]. Setting for
example h1 = h2 and h3 = h4, one has [15]
FCFT2 =
h(h+ 1)h(h+ 1)
4h(2h+ 1)
+
+2
(
h1 +
h(h−1)
2(2h−1)
)2(
h3 +
h(h−1)
2(2h−1)
)2(
c+
2h(8h−5)
2h+ 1
)
−1
(34)
which is similar to the corresponding coefficient F2 of (33) only if c = ∞,
that is in the classical limit. If not in this limit, an explicit dependence on
h1 and h3 remains.
Another constraint on the possible theories is provided by the overcom-
pleteness relation [3] between SL(2,C) Eigenvectors:
E1−h(ρ10, ρ20) ∝
∫
d2ρ′0 ρ
2h−2
00′ ρ¯
2h˜−2
00′ E
h(ρ10′ , ρ20′), (35)
which would mean in terms of operators that fields labeled by h and 1 − h
can mix. This would be forbidden by conformal invariance, where a linear
relation between fields with different conformal weights cannot exist, since
vacuum expectation values of a product of operators with different dimension
would be non-zero.
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This problem can be circumvented by considering WZNW models [15]
with SL(2,C) current algebra at some level k. Then one could interpret h
as labelling representations of the current algebra and not the conformal di-
mensions. In this case fields labelled by h and 1−h have the same conformal
dimension. In particular, in the classical limit3 we are led to consider k =∞,
all fields have dimension 0 and all dependence on the “world-sheet” coordi-
nates vanishes. The coordinates of the fields in the correlation functions
are now to be interpreted as auxillary variables [16] labelling states within
representations of SL(2,C) .
Finally, it is interesting to compare our results with the properties of the
SL(2,C)/SU(2)-WZNW conformal field theory [12]. It is to be noticed that
the functional form of the conformal blocks with auxillary variables [12] be-
come exactly equal to (33), as expected from the minisuperspace limit. Let us
now compare the action of primary operators in our case with Ref.[12]. While
the dipole operators act by an integral form (8) in the impact-parameter
space, they act by multiplication by the vertex function Ehk,q in momentum
space (17), in a similar way as for SL(2,C)/SU(2). However, in formula (17),
there is in addition a shift in momentum in the argument of the test function.
We know that this shift is essential to obey momentum conservation at each
vertex. It will thus be important to identify which conformal field theory
structure it would correspond to.
In any case, a possible CFT interpretation of the dipole correlation func-
tions should be compatible with the structure of an effective field theory at
one-loop level revealed by our analysis.
6 Conclusions
Let us summarize the results of our study:
i) Using a Hilbert space construction, we were able to formulate the 1→p
dipole multiplicity densities as correlation functions of operators.
ii) Going from impact parameter to momentum space, the correlation
functions can be expressed as 1-loop integrals involving universal momentum
dependent vertex functions Ehk,q.
iii) The resulting amplitudes correspond to the 1 → p QCD Pomeron
vertices obtained in the 1/Nc limit through the dipole formulation.
3We do not specify here the explicit form of this model, e.g. the possible coset structure.
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iv) The vertex functions are explicitly given in analytic form and pos-
sess interesting algebraic and geometrical properties under global conformal
SL(2,C) transformations.
These properties are very suggestive of an underlying effective 2 dimen-
sional field theory in the transverse momentum space. We analyzed the
conditions that need to be fulfilled in order to have a realization in terms of
a local conformal field theory. They imply a minisuperspace (classical) limit
and possibly a WZNW symmetry structure.
An important check of these properties would be obtained by a direct
calculation of the 2 → 2p gluon amplitudes. Projecting on singlet gluon-
gluon channels and taking the 1/Nc limit would lead to a direct comparison
with our formulae (18) and (22). This would provide a check of a generalized
dipole-BFKL correspondence.
Further consequences of these properties can be discussed both from the-
oretical and phenomenological points of view. On the theoretical ground,
the symmetrical formulation of the correlations functions (5,18) with respect
to the initial and final dipole fields seems to lead to a relation (at least for
Nc →∞) between 1→p+ r and p+1→r dipole multiplicity densities. This
intringuing conjecture would deserve further study for instance in the case
where p + 1 = r which would correspond to a subset of the 2r→ 2r gluon
amplitudes described in the BKP framework [17].
On the phenomenological ground, the simple formulation of dipole split-
ting in terms of the Ehk,q vertices could be useful to describe the evolution
of the dipoles through the corresponding amplitudes in momentum space.
In particular, it could give a QCD-theoretical hint for the formulation of
the formation and splitting of the “QCD string” which is the basis of phe-
nomenological models of strong interactions at long distance.
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A 1: Calculation of the vertex Ehk,q
Ehk,q ≡
∫
d2ρd2ρ′ eiqρ
′+ik(ρ−ρ′) 1
|ρ−ρ′|2
(
ρ−ρ′
ρρ′
)h
× {a.h.} . (36)
Changing successively ρ′ → uρ then w = ρ
(
k¯ + u(q¯ − k¯)
)
, one obtains a
factorized form[∫
d2w eiRe(w)w−hw¯−h˜
]
· k¯h−1kh˜−1
∫
d2uu−h(1−u)h−1(1+(x−1)u)h×{a.h.} ,
(37)
where x = q¯
k¯
. Finally the change of variable v = u
u−1
in the second integral
leads to the formula (24) for Ih(x).
This integral is known in the literature [13]. Consider the following more
general form:
I(a0, a1, b1, z) ≡
∫
d2v va1−1(1− v)b1−a1−1(1− vz)−a0 × {a.h.} (38)
The result is [13]:
I(a0, a1, b1, z) = pi
[γ(a1)γ(b1−a1)
γ(b1)
2F1(a0, a1; b1|z)× {a.h.}+
+
γ(b1−1)γ(1−a0)
γ(b1−a0)
z1−b12F1(a0−b1+1, a1−b1+1; 2−b1|z)× {a.h.}
]
, (39)
where we use the notation ×{a.h.} for both complex conjugation and h→ h˜.
A 2: SL(2,C) matrix elements
Consider the representation of SL(2,C) given by
[T (g)f ](z) = (cz + d)−2h × {a.h.} · f
(
az + b
cz + d
)
(40)
where
g =
(
a c
b d
)
, (41)
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and the set of orthogonal basis functions
|ω, ω˜〉 = z−h−ω z¯−h˜−ω˜ (42)
with ω = m/2−iσ, ω˜ = −m/2−iσ where m ∈ N and σ ∈ R. These functions
are eigenfunctions of the (complex) dilatation transformations:
T
((
λ 0
0 λ−1
))
|ω, ω˜〉 = λ−2ωλ¯−2ω˜ |ω, ω˜〉 (43)
In particular the only dilatationally invariant state is |0, 0〉. The matrix
element of T (g) in this basis can be evaluated to yield
〈ωL, ω˜L|T (g)|ωR, ω˜R〉 = a
ω˜∗L−ωR(−b)h−1−ω˜
∗
L(−c)h−1+ωR × {a.h.} ·
·
∫
d2v v−h−ωR(1− v)−h+ωR(1 +
v
bc
)h−1−ω˜
∗
L × {a.h.} . (44)
For ωL = ω˜L = ωR = ω˜R = 0 we get exactly
〈0, 0|T (g)|0, 0〉 = Ih
(
−1
bc
)
. (45)
References
[1] L.N. Lipatov, Sov. J. Nucl. Phys. 23 (1976) 642; V.S. Fadin, E.A. Ku-
raev and L.N. Lipatov, Phys. Lett. B60 (1975) 50; E.A. Kuraev, L.N.
Lipatov and V.S. Fadin, Sov. Phys. JETP 44 (1976) 45, 45 (1977) 199;
I.I. Balitsky and L.N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822.
[2] A.H. Mueller, Nucl. Phys. B415 (1994) 373. A.H. Mueller and B. Patel,
Nucl. Phys. B425 (1994) 471. A.H. Mueller, Nucl. Phys. B437 (1995)
107. (See also in a different framework: N.N. Nikolaev and B.G. Za-
kharov, Zeit. Phys. C49 (1991) 607; ibid. C64 (1994) 651).
[3] L.N. Lipatov, Sov. Phys. JETP 63 (1986) 904.
[4] J. Bartels, L.N. Lipatov, M. Wu¨sthoff, Nucl. Phys. B464 (1996) 298.
For a review and references, see H.Lo¨tter thesis, hep-ph/9705288.
[5] H. Navelet and R. Peschanski, Nucl. Phys. B507 (1997) 353.
15
[6] R. Peschanski, Phys. Lett. B409 (1997) 491.
[7] G.P. Korchemsky, Conformal bootstrap for the BFKL pomeron, hep-
ph/9711277.
[8] A.M. Polyakov, JETP Lett. 12 (1970) 381.
[9] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys.
B241 (1984) 333.
[10] N. Seiberg, Prog. Theor. Phys. Suppl. 102 (1990) 319.
[11] J. Polchinsky, Remarks on Liouville Field Theory in “Strings 90”, ed.
R.Arnowitt et al, World Scientific 1991.
[12] J. Teschner, The minisuperspace limit of the SL(2,C)/SU(2) WZNW
model, hep-th/9712258.
[13] Vl.S. Dotsenko and V.A. Fateev, Nucl. Phys. B240 (1984) 312. J. Geron-
imo and H. Navelet, Saclay preprint, to appear.
[14] L.N. Lipatov, Phys. Rep. 286 (1997) 131.
[15] For a review and references, see the book by Ph. Di Francesco, P. Math-
ieu, D. Senechal, Conformal Field Theory (1997, Springer-Verlag).
[16] A.B. Zamolodchikov and V.A. Fateev, Sov. J. Nucl. Phys. 43 (1986)
657.
[17] J. Kwiecin´ski and M. Prasza lowicz, Phys. Lett. B94 (1980) 413; J. Bar-
tels, Nucl. Phys. B175 (1980) 365.
16
